Abstract. Using functions of bounded variation, we define a Volterra type derivative of the linear functional associated with a Lebesgue integrable function and show that it is equal to this function almost everywhere.
that the Volterra derivative SF/S6 with respect to continuous functions 6 displays a rather special behavior: it is continuous on the subset of fi where it exists (cf. also [HN, Theorem 2] ). In this note we show that using functions 6 of bounded variation, a more natural type of the Volterra derivative DF of F can be defined. By controling a Vitali type regularity of the functions with respect to which we differentiate, we achieve that 2>F = / almost everywhere in fi whenever / e Lj^c(fi). This result is used in [KMP] to show that a certain conditionally convergent integral in Rm is invariant with respect to lipeomorphisms.
Throughout, we fix an integer m > 1 and an open set fi c Rm . The norms in L'(fi) and L°°(fi) are denoted by | • |i and | • |oo > respectively. Unless stated otherwise, all functions and functionals we consider are real valued.
For x = (&,... ,£m) in Rm and e > 0, let |x| = J%2 + ■ ■ ■ + ££ and U(x, e) = {y £ Rm : \x -y\ < e}. If E c Rm then E~, d(E), and |F| denote the closure, diameter, and the outer Lebesgue measure of E, respectively. Given a nonnegative function 8 defined on fi and a > 0, we set Se(a) = {x £ fi : 0(x) > a}; we write Sg instead of Sg(Q) and let d(8) = d(Sg). We say that a function 6 £ L'(fi) is normalized whenever \e\i = \se\. For a > 0, the proof is completed by combining the first and last inequalities.
Definition. We say that a functional / on L£°(fi) is differentiable at x £ fi if there is a real number a such that given e > 0 we can find a <5 > 0 so that
for each 8 £ BV+ with x £ Sg , d(8) < S, and r(8) > e. If the inequality holds only when 8 is, in addition, normalized and |0|oo < 1/e, we say that / is weakly differentiable at x .
The number a from the definition is uniquely determined, and we denote it by D7(x) or DwJ(x) according to whether J is differentiable or weakly differentiable at x , respectively. If 7 is differentiabe at x it is also weakly differentiable at x, and T)wJ(x) = 5)J(x). The example below shows, however, that the converse is false for m > 1 . If m = 1, the two concepts of differentiability coincide since |0|oo < ||0|| < l/r(8) for each normalized 8 £ BV+ .
Proposition. Let if £ LxXoc(Cl) and F(<8) = Jnf8 for each 8 £ Lf(Q). Suppose that F is weakly differentiable at x £ fi and lSwF(x) -f(x). If f is essentially bounded in a neighborhood of x, then F is differentiable at x and IDF(x) = f(x).
Proof. Choose S > 0 so that a = sup essyeu(x,s)\f(y)\ is finite. Proceeding towards a contradiction, assume there is an e > 0 and normalized functions 8k £ BV+, k= 1,2, ... , such that x £ Sg , d(8k) < S/k, r(8k) > e , and
Jn I Jn For k,n = 1,2,..., let fikt" = |Sflt|/|min{0*, «}|, and 8k<n = /?^"min{0*., n}. Each 8k " is a normalized function from BV+ and ||0fc,"|| < Pk,nWk\\ ■ By Lemma 1, there is a constant c > 0, depending only on m , such In particular, F is differentiable almost everywhere in fi whenever /eIjJc(Q).
Proof. With no loss of generality we may assume that |fi| < +oo and / £ L'(fi). Let N be the set of all x £ fi at which either F is not weakly differentiable or Su,F(x) / f(x). Given x £ N, there is a y(x) > 0 such that for each 8 > 0 we can find a normalized 8 £ BV+ with x £ Sg , d(8) < 8, r(8)>y(x), \0\i < l/y(x), and \F(8) -f(x)\8\x\ > y(x)\8\x. Fix an integer n > 1 and set N" = {x e N : y(x) > l/n} . Choose an e > 0, and use Lemma 2 to find a positive function 8 on fi so that License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
